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Integrable geodesic flow with positive topological
entropy
Alexey V. BOLSINOV 1 and Iskander A. TAIMANOV 2
1 Introduction and main results
The main result of this paper is the following theorem.
Theorem 1 There is a real-analytic Riemannian manifold MA diffeomorphic to
the quotient of T 2 ×R1 with respect to the free Z-action generated by the map
(X, z)→ (AX, z + 1),
where X = (x, y) ∈ T 2 = R2/Z2, z ∈ R, and A is the Anosov automorphism of the
2-torus T 2 defined by the matrix
A =
(
2 1
1 1
)
, (1)
such that
i) the geodesic flow on MA is (Liouville) integrable by C
∞ first integrals;
ii) the geodesic flow on MA is not (Liouville) integrable by real-analytic first
integrals;
iii) the topological entropy of the geodesic flow Ft is positive;
iv) the fundamental group pi1(MA) of the manifold MA has an exponential
growth;
v) the unit covector bundle SMA contains a submanifold N such that N is
diffeomorphic to the 2-torus T 2 and the restriction of F1 onto N is the Anosov
automorphism given by matrix (1).
To explain the statement in detail we recall main definitions and results on
topological obstructions to integrability of geodesic flows.
Let gjk be a Riemannian metric on an n-dimensional manifold M
n. It defines
the geodesic flow on the tangent bundle TMn which is a Lagrangian system with
the Lagrange function
L(x, x˙) =
1
2
gjkx˙
j x˙k.
The Legendre transform TMn → T ∗Mn
x˙ ∈ TxMn → p ∈ T ∗xMn : pj = gjkx˙k
maps this Lagrangian system into a Hamiltonian system on T ∗Mn with a symplectic
form
ω =
n∑
j=1
dxj ∧ dpj
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and the Hamilton function
H(x, p) =
1
2
gjk(x)pjpk.
This Hamiltonian system is also called the geodesic flow of the metric.
The symplectic form defines the Poisson brackets on the space of smooth func-
tions on T ∗Mn by the formula
{f, g} = hjk ∂f
∂yj
∂g
∂yk
,
where ω = hjkdy
j ∧ dyk locally.
It is said that a Hamiltonian system on a 2n-dimensional symplectic manifold
is (Liouville) integrable if there are n first integrals I1, . . . , In of this system such
that
1) these integrals are in involution: {Ij , Ik} = 0 for any j, k, 1 ≤ j, k ≤ n;
2) these integrals are functionally independent almost everywhere, i.e., on a
dense open subset.
Since restrictions of the geodesic flow onto different non-zero level surfaces of
its Hamilton function H = In are smoothly trajectory equivalent, we may replace
this notion of integrability by the weaker condition that there are n− 1 additional
first integrals I1, . . . , I(n−1) which are in involution and functionally independent
almost everywhere on the unit covector bundle SMn = {H(x, p) = 1} ⊂ T ∗Mn [8].
If Mn is real-analytic together with the metric and all first integrals I1, . . . , In,
then it is said that the geodesic flow is analytically integrable.
Kozlov established the first topological obstruction to analytic integrability of
geodesic flows proving that the geodesic flow of a real-analytic metric on a two-
dimensional closed oriented manifold M2 of genus g > 1 does not admit an ad-
ditional analytic first integral [4] (see also [5] for general setup of nonintegrability
problem).
For higher-dimensional manifolds, obstructions to integrability were found in
[8, 9] where it was proved that analytic integrability of the geodesic flow on a
manifold Mn implies that
1) the fundamental group pi1(M
n) of Mn is almost commutative, i.e., contains
a commutative subgroup of finite index;
2) if the first Betti number b1(M
n) equals k, then the real cohomology ring
H∗(Mn;R) contains a subring isomorphic to the real cohomology ring of a k-
dimensional torus and, in particular, b1(M
n) ≤ dimMn = n.
In these results the analyticity condition may be replaced by stronger geometric
condition called geometric simplicity and reflecting some tameness properties of the
singular set where the first integrals are functionally dependent. For instance, one
may only assume that SMn is a disjoint union of a closed invariant set Γ which
is nowhere dense and of finitely many open toroidal domains foliated by invariant
tori.
Later Paternain proposed another approach to finding topological obstructions
to integrability based on a vanishing of the topological entropy of the geodesic flow
on SMn. If this quantity vanishes, then pi1(M
n) has a subexponential growth [2]
and, if in addition Mn is a C∞ simply-connected manifold, then Y is rationally-
elliptic (this follows from results of Gromov and Yomdin) [6, 7]. Integrability implies
vanishing of the topological entropy under some additional conditions which were
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established in [6, 7, 10] and restrict not only the singular set but also the behaviour
of the flow on this set.
Recently Butler has found new examples of C∞ integrable geodesic flows of
homogeneous metrics on nilmanifolds [1]. The simplest of them is a 3-manifoldMB
obtained from a product T 2× [0, 1] by identifying the components of the boundary
by a homeomorphism
(X, 0)→ (BX, 1),
where
B =
(
1 1
0 1
)
and X ∈ T 2. The fundamental group of the resulting manifold MB is not almost
commutative, b1(MB) = 2, and H
∗(MB;R) does not contain a subring isomorphic
to H∗(T 2;R). However, b1(MB) < dimMB. This shows that some of the results
of [8, 9] are not generalized for the C∞ case. Note that the topological entropy
vanishes for Butler’s examples.
The present paper is based on an observation that Butler’s construction is gen-
eralized for constructing C∞ integrable geodesic flows on all T n-bundles over S1.
In the case when the gluing automorphism C : T n → T n is hyperbolic we obtain
remarkable Hamiltonian systems on a cotangent bundle to MC : they are C
∞ inte-
grable but have positive topological entropy. This, in particular, shows that treating
positivity of topological entropy as a criterion for chaos which is used sometimes is
not correct.
We confine only to one example of such a flow which we study in detail.
2 The metric on MA and its geodesic flow
Let
A : Z2 → Z2
be an automorphism determined by matrix (1). It determines the following action
on T 2:
(x, y)modZ2 → (2x+ y, x+ y)modZ2.
We construct MA as follows. Take a product T
2 × [0, 1] and identify the com-
ponents of its boundary using the automorphism A:
(X, 0) ∼ (AX, 1),
where X = (x, y) ∈ T 2. We denote the resulted manifold by MA. Near every point
p ∈ MA we have local coordinates x, y and t, where z is a linear coordinate on
S1 = R/Z.
Take the following metric on MA:
ds2 = dz2 + g11(z)dx
2 + 2g12(z)dxdy + g22(z)dy
2
where
G(t) =
(
g11 g12
g21(= g12) g22
)
= exp(−zG⊤0 ) exp(−zG0) (2)
and expG0 = A. We set
g33 = 1, g13 = g23 = 1.
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Indeed, this formula defines a metric on an infinite cylinder C = T 2 ×R which is
invariant with respect to the Z-action generated by
(x, y, z)→ (2x+ y, x+ y, z + 1), (3)
and, therefore, it descends to a metric on the quotient space MA = C/Z.
Proposition 1 The geodesic flow of metric (2) on the infinite cylinder C admits
three first integrals which are functionally independent almost everywhere.
Proof of Proposition. The Hamiltonian function
F3 = H =
1
2
(
p2z + g
11(z)p2x + 2g
12(z)pxpy + g
22(z)p2y
)
of this flow is, by the construction, a first integral. Since H does not depend on
x and y the quasimomenta F1 = px and F2 = py are also first integrals. It is
clear that the set of first integrals I1, I2, and I3 is functionally independent almost
everywhere. This proves the proposition.
Since action (3) preserves the symplectic form ω, it induces the following action
on T ∗C: (
px
py
)
→
(
1 −1
−1 2
)(
px
py
)
, pz → pz.
This descends to a linear action on T ∗MA which preserves fibers and takes the form(
px − 1 +
√
5
2
py
)
→ λ
(
px − 1 +
√
5
2
py
)
,
(
px − 1−
√
5
2
py
)
→ λ−1
(
px − 1−
√
5
2
py
)
, (4)
pz → pz, λ = 3 +
√
5
2
.
It is evident that the indefinite quadratic form
I1 =
(
px − 1 +
√
5
2
py
)(
px − 1−
√
5
2
py
)
= p2x − pxpy − p2y
and the positively definite quadratic form
I3 = H =
1
2
(
p2z + g
11(z)p2x + 2g
12(z)pxpy + g
22(z)p2y
)
are invariants of this action. To construct the third invariant we notice that
log
∣∣px − 1+√52 py∣∣
logλ
is not invariant but the action adds 1 to this quantity when it is correctly defined.
Therefore, the following function
I2 = f(I1) · sin
(
log
∣∣px − 1+√52 py∣∣
logλ
)
,
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where
f(u) = exp
(
− 1
u2
)
,
is everywhere defined and invariant with respect to action (4).
Proposition 2 The functions I1, I2, and I3 are C
∞ first integrals of the geodesic
flow on MA which are functionally independent almost everywhere. Therefore, the
geodesic flow on MA is (Liouville) integrable by C
∞ functions.
Proof of Proposition. The functions I1, I2 , and I3 on T
∗C are invariants of
action (4) and, therefore, descend to functions on T ∗MA. We may consider I1 and
I2 as replacing F1 and F2: they are pairwise involutive and independent on spatial
variables x, y, z. Moreover they do not depend on pz and, therefore, they are in
involution with I3 = H which, in particular, means that they are first integrals of
the geodesic flow. It remains to notice that, by their construction, they are C∞.
This finishes the proof of Proposition.
Proposition 3 Let N be a subset of the unit covector bundle SMA formed by the
points with
z = 0, px = py = 0, pz = 1.
Then it is diffeomorphic to T 2 and the translation
Ft : T
∗MA → T ∗MA
along the trajectories of the geodesic flow for t = 1 maps N into itself and this map
is the Anosov automorphism given by matrix (1).
Proof of Proposition. The geodesic flow on MA is covered by the geodesic flow
on C for which px and py are first integrals. Therefore, on C the translation of the
preimage of N under projection is as follows:
Ft(x, y, z, px, py, pz) = Ft(x, y, 0, 0, 0, 1) = (x, y, t, 0, 0, 1).
Recalling the construction of MA proves the proposition.
Note that Propositions 2 and 3 prove statements i) and v) of Theorem 1, re-
spectively.
3 The fundamental group pi1(MA) and the topolog-
ical entropy of the geodesic flow on MA
The manifold MA is covered by R
3 on which acts pi1(MA). This group is generated
by
a : (x, y, z)→ (x+ 1, y, z), b : (x, y, z)→ (x, y + 1, z),
c : (x, y, z)→ (2x+ y, x+ y, z + 1).
The relations between these generators are
[a, b] = 1, [c, a] = ab, [c, b] = a.
Proposition 4 (see, for instance, [3]) pi1(MA) has an exponential growth.
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This follows from the hyperbolicity of A or may be proved directly: the words
caε1caε2 . . . caεk are different for εj = 0, 1 and, therefore, γ(2k) ≥ 2k, where γ is
the growth function of pi1(MA) with respect to generators a, b, and c.
Corollary 1 The geodesic flow on MA is not (Liouville) integrable by real-analytic
first integrals.
It follows from the results of [8] (also exposed in Section 1) that if this flow is
analytically integrable, then pi1(MA) is almost commutative and, therefore, has a
polynomial growth. This contradiction establishes the corollary.
Corollary 2 The topological entropy of the geodesic flow on MA is positive.
Indeed, it was proved by Dinaburg, that if the fundamental group of a manifold
Mn has an exponential growth, then the topological entropy of the geodesic flow
of any Riemannian metric on Mn is positive [2].
The latter corollary also follows from Proposition 3: it is known that the topo-
logical entropy equals the supremum of the measure entropies taken over all ergodic
invariant Borel measures. Hence, we may take a singular measure concentrated on
N ⊂ SMA which has the form
dµ = dx ∧ dy.
It is well known that the measure entropy of the Anosov automorphism A : N → N
is positive (this follows, for instance, from nonvanishing of the Lyapunov exponents
for any point of N).
Note that Proposition 4 and Corollaries 1 and 2 establish statements iv), ii),
and iii) of Theorem 1, respectively.
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